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ABSTRACT
We examine the prospects of the high redshift Long Gamma Ray Bursts (LGRB)
Hubble Diagram as a test of the basic cosmological principles. Analysis of the Hub-
ble Diagram allows us to test several fundamental cosmological principles using the
directly observed flux-distance-redshift relation. Modern LGRB data, together with
the correlation between the spectral peak energy and the isotropic-equivalent radiated
energy (the so-called Amati relation) can be used for construction of the Hubble Di-
agram at the model-independent level. We emphasise observational selection effects,
which inevitably exist and distort the theoretically predicted relations. An example
is the weak and strong gravitational lensing bias effect for high redshift LGRB in
the presence of limited observational sensitivity (Malmquist bias). After bias correc-
tion, there is a tendency to vacuum dominated models with ΩΛ → 0.9, Ωm → 0.1.
Forthcoming gamma-ray observations by the space THESEUS mission together with
ground and space based multimessenger facilities will allow us to improve essentially
the restrictions on alternative basic principles of cosmological models.
Key words: distance scale – cosmological parameters – gamma-ray bursts.
1 INTRODUCTION
The Hubble Diagram (HD) is the directly observed flux-
distance-redshift relation for a sample of “standard candles”.
It was the first classical observational cosmological test per-
formed in 1929 by Hubble in his classical paper Hubble
(1929) ninety years ago. The observable redshift interval
was 0 ÷ 0.003, i.e. galaxy distances d < 15 Mpc. This test
led to the discovery of the fundamental cosmological ob-
servational “Hubble Law” – the linear redshift-distance re-
lation z = Hd/c by using the Euclidean flux-distance rela-
tion F = L/4πd2 for the standard candle. The linearity of
this Hubble law on the scales 1÷ 300 Mpc was confirmed by
Sandage at the Hale Telescope (current results are presented
in Sandage, Reindl & Tammann 2010).
Seventy years later, the Hubble Diagram was con-
structed for supernova (SN) Ia standard candles up to z ≈ 1
and, surprisingly, the accelerated expansion of the Universe
within the standard Friedmann-Lemaitre-Robertson-Walker
⋆ E-mail: arhath.sis@yandex.ru
(FLRW) cosmological model was discovered. This test led in
1998 to the introduction of the dark energy into the Stan-
dard Cosmological Model (SCM) by Riess’s and Perlmut-
ter’s teams Riess et al. (1998) and Perlmutter et al. (1999).
Nowadays the observational cosmology is based on the
multimessenger astronomy which combines observations of
electromagnetic radiation (from radio to gamma-ray bands),
cosmic rays, neutrino and gravitational waves. In particular,
the THESEUS (Transient High-Energy Sky and Early Uni-
verse Surveyor) space mission project is aimed to explore the
unique capabilities of Gamma-Ray Bursts (GRBs) for cos-
mology and multimessenger astrophysics (Amati et al. 2018;
Strata et al. 2018). Because of the huge GRB luminosity, the
THESEUS will bring crucial data for testing different the-
oretical predictions of cosmological models up to redshifts
z ∼ 10.
Here we use data for the Long Gamma-Ray Bursts
(LGRB) with known redshifts and study the prospects of
applying the Hubble Diagram for testing basic cosmological
predictions, such as redshift-distance and flux-distance the-
oretical relations for high redshifts. Considering LGRB as a
© 2020 S. I. Shirokov et al.
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standard candle, one uses observed luminosity correlations,
such as the Amati relation between the energy (frequency)
of the spectral peak Ep and isotropic equivalent radiated en-
ergy Eiso (Amati et al. 2002, 2008; Demianski et al. 2017a,b;
Amati et al. 2019; Lusso et al. 2019). Though there are
correlations of GRB luminosity with other observed GRB
parameters (e.g., Yonetoku et al. 2004; Wang et al. 2011;
Wei & Wu 2017), here we consider the Amati relation as
the simplest (less model dependent) among all GRB corre-
lations investigated for cosmology.
One difficulty in the analysis of the Hubble Di-
agram using high redshift LGRBs is the cosmologi-
cally model independent calibration of the GRB luminos-
ity (Kodama et al. 2008; Liang et al. 2008; Demianski et al.
2017a,b; Amati et al. 2019). In order to build a model in-
dependent Hubble Diagram at redshifts z < 1 we use the
recent sample of SNe Ia Scolnic et al. (2018).
Very important additional obstacles come from dif-
ferent observational biases, selection and evolution effects,
especially the Malmquist Bias (MB) and the Gravita-
tional Lensing Bias (GLB), which distort the observed
LGRB parameters and, hence, the true LGRB luminosity
(Wang & Dai 2011; Deng et al. 2016; Lloyd-Ronning et al.
2019; Xue et al. 2019; Kinugawa et al. 2019).
Besides the weak gravitational lensing Wang & Dai
(2011) we consider the effective bias due to the Malmquist
selection effect and the strong gravitational lensing within
the fractal matter distribution. According to modern ob-
servational data the strong gravitational lensing plays
an important role in cosmology Shajib et al. (2019);
Acebron et al. (2020); Cervantes-Cota et al. (2020) and we
study its possible influence on the LGRB HD.
In Sec. 2 we derive the basic cosmological relations be-
tween theoretical and observable quantities which are used
in the Hubble Diagram construction. In Sec. 3 we consider
how the LGRBs are used as standard candles and in Sec. 4
we construct the model independent HD for the SNe Ia sam-
ple at redshifts z < 1.4. Sec. 5 is devoted to an analysis of
the high redshift LGRB Hubble Diagram for different cosmo-
logical models, taking into account the gravitational lensing
bias. For illustration of our approach we consider the LGRBs
sample Amati et al. (2019) and compare the results of our
HD fittings. We discuss the results and give our conclusions
in Sec. 6.
2 HUBBLE DIAGRAM IN COSMOLOGICAL
MODELS
Modern physics considers the observable Universe as a
part of “the cosmic laboratory”, where all basic princi-
ples and main physical fundamental laws can be tested
with increasing accuracy. In particular, in the spirit of
the modern theoretical physics, such cosmological basis
as the constancy of fundamental constants, the equiv-
alence principle, the Lorentz invariance, the cosmolog-
ical principle, the general relativity and its modifica-
tions, the space expansion paradigm, must be tested in
the cosmic laboratory (e.g., Turner 2002; Uzan 2003;
Clifton et al. 2012; Baryshev & Teerikorpi 2012; Baryshev
2015; De Rham et al. 2017; Amendola et al. 2018; Ishak
2018; Lusso et al. 2019; Perivolaropoulos & Kazantzidis
2019; Riess et al. 2019).
The Hubble Diagram is a necessary (but not sufficient)
cosmological test that allows you to select some basic ini-
tial theoretical postulates of cosmological models. Follow-
ing the practical cosmology approach (see Sandage 1995;
Baryshev & Teerikorpi 2012), we construct the Hubble Di-
agram through the Amati relation based on recent GRB
catalogues. We compare the observed HD with theoretical
predictions of several cosmological models. For testing par-
ticular cosmological assumptions and for demonstration of
the ability of the HD test, we consider several examples
of the cosmological redshift-distance-flux relations: general
Friedmann’s space expansion models, including Λ-CDM and
quintessence w-CDM, Classical Steady-State, and also the
Field-Fractal model in Minkowski space, and the Tired-Light
model in Euclidean space.
2.1 Observed quantities for the Hubble Diagram
In cosmology it is very important to distinct between exper-
imentally measured and theoretically inferred cosmological
relations (e.g. the observed flux-redshift law and the theo-
retical expansion velocity-redshift law). In the Hubble Dia-
gram the directly measured quantities are flux and redshift,
which must be considered as primary physical quantities for
all cosmological models. Hence this practical cosmology test
considers the correlation between two quantities measured
on Earth – the observed frequency (wavelength) shift z and
the observed spectral energy flux Fν , calculated for an object
with known spectral luminosity Lν (“standard candle”).
The direct empirical cosmological quantity is the red-
shift z, which is defined as
z =
λobs − λlab
λlab
=
λobs
λlab
− 1 = νsource
νobs
− 1 , (1)
where νobs = c/λobs is the photon frequency observed at
a telescope, and νlab is the photon frequency measured in
laboratory for the same physical process, which is assumed
to be equal to the emitted photon frequency at the source
νsource = νlab (universality of physical laws).
For small redshifts there is a spectroscopic tradition to
express cosmological redshift in terms of the“apparent radial
velocity”Vapp/c << 1 by using definition
z =
νsource
νobs
− 1 ≈ Vapp
c
. (2)
The second cosmological quantity directly observed at
a telescope is the energy flux FL having the dimension
(erg · cm-2· s-1) measured within the interval i = (ν1, ν2)
of frequencies ν (energies hν). The flux FL is defined as the
energy of photons crossing the unit area of a detector per
second, which were emitted by a source with the luminosity
L(ν) and reach a telescope at the “luminosity distance” dL,
that is
FL,i =
Li
4πd2
L
, Li =
∫ ν2
ν1
L(ν)dν , (3)
where the comoving spectral luminosity (power) of the
source L(ν) is measured in erg · s-1· Hz-1. For ν1 = 0 and
ν2 = ∞ we have bolometric luminosity L measured in erg · s-1
and bolometric flux FL.
MNRAS 000, 1–15 (2020)
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The integral energy received by a detector during the
burst duration time is the “fluence” FE measured in units
erg · cm-2 from a source at the “energy distance” dE
FE =
Eiso
4πd2
E
, Eiso =
∫ t2
t1
Li(t)dt , (4)
where Eiso (erg) is the total energy radiated isotropically by
a given source during the burst time.
In order to use the Hubble Diagram as an ob-
servational cosmological test one needs to construct
theoretical concepts, which correspond to the above
measured quantities at the terrestrial (space) obser-
vatory. Here a cosmological model enters the discus-
sion, and there are several theoretical redshift-distance-
flux relations (Peacock 1999; Baryshev & Teerikorpi 2012;
Clifton et al. 2012; Amendola et al. 2018; Ishak 2018;
Perivolaropoulos & Kazantzidis 2019), which can be used
for the Hubble Diagram construction.
For each considered cosmological model a predicted the-
oretical Hubble Diagram contains two basic theoretical re-
lations: distance-redshift and flux-distance.
2.2 The Standard FLRW Model
Here we consider the theoretically inferred basic cosmolog-
ical relations in the framework of the Friedmann-Lemaitre-
Robertson-Walker model (or simply the Friedmann model).
In many textbooks on FLRW cosmological model there is
no clear discussion of the physical and geometrical sense
of the concept of “space expansion”, which leads to con-
fusion between the Doppler and Lemaitre redshift effects
(Francis et al. 2007; Baryshev 2015).
So, it is important to present the definitions of the the-
oretical quantities needed for construction of the Hubble Di-
agram.
2.2.1 Basic principles
The Standard Friedmann Model may be defined according to
three basic initial principles (Baryshev & Teerikorpi 2012).
First, Einstein’s General Relativity Theory (GRT) de-
scribes gravity by the metric tensor gµν of the curved Rie-
mannian space, which obeys the field equations
ℜµν − 1
2
g
µν ℜ = 8πG
c4
T
µν
Σ
, (5)
where ℜµν is the Ricci tensor, ℜ is the scalar curvature, Tµν
Σ
is the total energy-momentum tensor of all kinds of matter,
including dark energy and dark matter (but it does not in-
clude the energy-momentum tensor of the gravity field it-
self).
Second, Einstein’s Cosmological Principle (ECP) states
the strict mathematical homogeneity for the dynamically
important matter, i.e. ρ(®r, t) = ρ(t), p(®r, t) = p(t), gµν (®r, t) =
gµν (t). It is assumed that the observed inhomogeneity of vis-
ible distribution of matter does not influence the global ho-
mogeneous total matter distribution.
From ECP, the GRT field equations Eq. (5) give the
Friedmann equations
Ω − 1 = Ωk , q = − ÜSS/ ÛS2 =
1
2
Ω
(
1 +
3p
̺c2
)
, (6)
Figure 1. Geometrical sense of the line element coordinates
Eq. (8) and Eq. (9) for the case of the 2D spherical expand-
ing space embedded in the 3D Euclidean space. The radius R of
the 2D sphere is the scale factor R(t) = S(t) of the expanding 2D
space. The “internal”metric distance between the galaxies P and
A is r and the “external” metric distance is l. The angle θ is the
dimensionless comoving “distance” χ.
where Ω = ̺/̺crit, ̺crit = 3H2/8πG, Ωk = kc2/S2H2,
q = − ÜSS/ ÛS2, H = ÛS/S. Here Ω, p, ̺ are the total quantities
for the sum of non-interacting substances, which obey the
Bianchi identity.
Third, the Riemannian space is expanding and it is de-
scribed by the time-dependent proper distance r(t) = S(t) · χ,
where S(t) is the scale factor and χ is the comoving dis-
tance. Thus the observed cosmological redshift z is given by
the Lemaitre effect of this space stretching (this is not the
Doppler effect)
z =
νsource
νobs
− 1 = S(tobs)
S(tem) − 1 , (7)
where S(tem) and S(tobs) are the scale factors at the times of
emission and reception, respectively (Figs. 1, 2).
The fundamental consequence of the mathematical ho-
mogeneity and isotropy (ECP) is that the Einstein’s GRT
equations, Eq. (5), has the Friedmann’s form Eq. (6) and the
line elements of coordinates in ds2 = gµν x
µxν is given by the
standard Friedmann-Lemaitre-Robertson-Walker (FLRW)
form in terms of the “internal”metric distance r(t) = S(t) · χ
ds2 = c2dt2 − S2(t)dχ2 − S2(t)I2k(χ)(dθ2 + sin2 θdφ2) , (8)
where Ik(χ) = (sin(χ), χ, sinh(χ)), for k = (+1, 0,−1), r is the
proper metric“internal”distance, S(t) is the scale factor with
the dimension of length [S] = cm, and χ is the dimensionless
comoving “distance”.
In terms of the “external” metric distance l(t) = S(t) · µ
and dimensional comoving coordinate µ = Ik(χ) (Fig. 1) the
interval ds has the form
ds2 = c2dt2 − S2(t) dµ
2
1 − kµ2 − S(t)
2µ2(dθ2 + sin2 θdφ2) . (9)
The geometrical sense of these coordinates is given in
Figs. 1, 2 for the case of the expanding 2-dimensional spher-
ical space embedded in the 3D Euclidean space. Here the
MNRAS 000, 1–15 (2020)
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Figure 2. The 2D spherical expending space embedded in the
3D Euclidean space. Metric distances at the times of emission
tem and observation tobs of light from a distant galaxy have the
linear size ABC. Note that l(tem) and r(tem) are the external and
internal metric distances, respectively, when the scale factor is
S(tem).
radius R of the 2D sphere is the scale factor R(t) = S(t) and
the angle θ is the dimensionless comoving “distance” χ).
The relation between the internal and external distances
r(t) = S(t) · χ , l(t) = S(t) · µ (10)
can be written as
r = S(t)I−1k (l/S) , l = S(t)Ik(r/S) , (11)
where I-1
k
is the inverse function for Ik. In the case of the
flat universe (k = 0) these distances coincide r(t) = l(t).
Note, that the exact General Relativity expression for
the space expansion velocity Vexp is the time derivative of
the metric distance given by Eq. (10), so that
Vexp(r) = dr
dt
=
dS
dt
χ =
dS
dt
· r
S
= H(t)r = c r
rH
. (12)
The expression of Vexp(z) is more complex and includes
the distance-redshift relation r(z). The derivation of the
FLRW relations between metric/luminosity distances and
redshift is given in Appendix B.
2.2.2 Distance Modulus, Apparent and Absolute
magnitudes
The apparent stellar magnitude mi of an object observed
through a filter “i” is defined via the ratio of the measured
flux FL,i to the standard flux F0. Taking into account Eq. (3)
we can write
mi = −2.5 log(FL,i/F0) = 5 log(dL) + 25 + Mi + Ci , (13)
where dL is the luminosity distance measured in Mpc, Mi is
the absolute stellar magnitude of the standard source, and
Ci(z) = Ki + Ai + Ei , Mi involves different observational cor-
rections, where the Ki, Ai, Ei are redshift biases, extinction,
and evolution corrections known for a standard candle class.
For the case of the bolometric fluxes FL and fluences FE
given by Eqs. (3, 4) we define the corresponding observed
“distance modulus” as the luminosity distance modulus
µL = mL − ML = 5 log(dL) + 25 + CL,i(z) , (14)
and the energy distance modulus
µE = mE − ME = 5 log(dE) + 25 + CE,i(z) . (15)
To construct the Hubble Diagram we will fit observed
flux and fluence distance moduli by the theoretical ones,
which are given by Eqs. (B5, B7). Thus we get the HD as
the (µ vs z) relations in two forms: for the measured flux FL
µL = 5 log(l(z)(1 + z)) + 25 = 5 log l(z) + 5 log(1 + z) + 25 , (16)
and for the measured fluence FE
µE = 5 log(l(z)(
√
1 + z)+25 = 5 log(l(z)+2.5 log(1+z)+25 . (17)
In fact for the SNe Ia observations we have measure-
ments of the “luminosity distance modulus” µL(z). For GRB
fluence, observations give the “energy distance modulus”
µE(z). Hence, to construct the HD in terms of the GRB
luminosity distance modulus µL, Eq. (16), we must correct
the GRB µE observational data by the factor
µL = µE + 2.5 log(1 + z) . (18)
The correction Eq. (18) takes into account the additional
factor (1 + z) in Eq. (3), which relates to the time dilation
effect for the observed luminosity distance modulus of the
GRBs.
2.3 Testing basic cosmological assumptions
Above, we considered three basic SCM principles, which in-
clude the geometrical gravity theory (General Relativity),
Einstein’s Cosmological Principle (ECP) of the strict mathe-
matical homogeneity for the dynamically important matter,
and the space expansion paradigm for the observed cosmo-
logical redshift.
In the spirit of practical cosmology the basic initial
principles of the SCM must be tested with increasing accu-
racy and compared with other cosmological models at wider
redshift intervals (Baryshev & Teerikorpi 2012; Baryshev
2015).
Here, for illustration of the Hubble Diagram predicted
on the basis of different initial principles, besides SCM,
we also consider the classical steady-state, field-fractal and
tired-light models.
2.3.1 The classical steady-state model
The Classical Steady State (CSS) model can be used for test-
ing the Perfect Cosmological Principle, which asserts that
the observable universe is basically the same at any time
as well as at any place, so that the matter density in the
expanding universe remains unchanged due to a continuous
creation of matter (Hoyle et al. 2000). The Hubble Diagram
MNRAS 000, 1–15 (2020)
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Figure 3. The luminosity distance modulus µL(z) for six considered cosmological models described in Sec.2.2 and Sec.2.3. Left: direct
distance modulus, Right: residuals from the standard Λ-CDM model.
for the CSS has specific behaviour which can be directly
tested by observations.
Theoretical parameters of the CSS model correspond to
those of the zero-curvature Friedmann model with an expo-
nentially growing scale factor S(t) = S0eHt, (H = H0 = const).
The metric distance is
rCSS(z) = l(z) = RH z = rVac , (19)
where RH = c/H0, and it is the same as in the pure vacuum
Λ-CDM model.
The luminosity distance modulus of the CSS model co-
incides with the ΩΛ = 1 pure vacuum Λ-CDM model:
µCSSL = 5 log (RH z) + 5 log(1 + z) + 25 + Ci(z) = µVacL . (20)
2.3.2 The field-fractal model
The Field-Fractal (FF) model can be used for testing three
basic principles of the SCM – the gravity geometrization
principle, the matter homogeneity principle, and the space
expansion paradigm. The FF model is presented in Baryshev
(2008); Baryshev & Teerikorpi (2012) and its modern status
allows one to formulate crucial observational tests, including
the Hubble Diagram.
The FF model is based on the following basic as-
sumptions: 1) the gravitational interaction is described by
the Poincare-Feynman field gravitation theory in the flat
Minkowski space-time, similar to all other fundamental
physical interactions; 2) the total distribution of matter (vis-
ible and dark) is described by a fractal density law with the
critical fractal dimension Dcrit = 2, and 3) the cosmological
redshift has global gravitational nature within the fractal
matter distribution.
An advantage of the FF model is that it solves the so-
called Hubble - de Vaucouleurs paradox: the coexistence of
the observed strongly inhomogeneous distribution of visi-
ble matter of the Local Universe (0.0003 < z < 0.03) and
the linear Hubble Law (z = H r/c) on the same scales
(Karachentsev et al. 2003; Baryshev & Teerikorpi 2012). In
the expanding space of the SCM the Hubble Law is a strict
mathematical consequence of the homogeneous distribution
of matter (ECP). So, starting from very small scales ∼ 1
Mpc there must be a homogeneous substance, which has
the density ρdark ≫ ρvisible.
In the FF model the linear Hubble redshift-distance
law is consistent with the strongly inhomogeneous distri-
bution of matter on small scales 1 < r < 100 Mpc. In-
deed, within a fractal galaxy distribution the global grav-
itational redshift of a source observed at a distance of r will
be zg ∝ φ(r)/c2 ∝ M(r)/r ∝ rD/r ∝ r1. Thus, it gives the
linear redshift-distance law for the fractal dimension D = 2.
Taking into account the FF cosmological solution of the field
equation for gravitational potential φ, the redshift-distance
relation is given by the following expression in Baryshev
(2008); Baryshev & Teerikorpi (2012):
zg(x) =
(
1
2
√
x
I1(4
√
x)
) 1
2
− 1 ≡ W(x) , (21)
where x = r/RH, RH = c/Hg and I1 is the modified Bessel
function. The corresponding metric distance-redshift rela-
tion is
rFF(z) = RH Y (z) , (22)
where Y(z) =W-1(z) is the inverse function of W(z). The prop-
erties of the gravitational redshift are analogous to those of
the Doppler redshift and hence the luminosity distance mod-
ulus will be
µFFL = 5 log (RHY (z)) + 5 log(1 + z) + 25 + Ci(z) . (23)
2.3.3 The tired-light model
The Tired-Light (TL) model in the Euclidean static
space (e.g., La Violette 1986) can be used as a toy model
to demonstrate the importance of the time dilation cos-
mological effect. Within the framework of the Tired-Light
model, the cosmological redshift is caused by the photon en-
ergy E = hν decrease proportional to the covered distance,
hνobs = Z hνemit, where Z = e
−αr is the Zwicky factor. Thus
the distance-redshift relation is
rTL(z) = RH ln (1 + z) , (24)
MNRAS 000, 1–15 (2020)
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model r(z)/RH dL(z)/r(z) dE (z)/r(z)
SCM
∫
z
0
dz′
h(z′) (1 + z)
√
1 + z
CSS z (1 + z) √1 + z
FF Y (z) (1 + z) √1 + z
TL ln (1 + z) √1 + z √1 + z
Table 1. The dimensionless metric, luminosity and energy dis-
tances behaviour as functions of the redshift z for the cosmological
models described in Sec.2.2 and Sec.2.3.
where RH = c/H0 and the luminosity distance modulus will
be
µTLL = 5 log (RH ln(1 + z)) + 2.5 log(1 + z) + 25 + Ci(z) . (25)
2.3.4 Figures for considered models
In the context of SCM we consider the Hubble Diagram
for three versions of the matter and dark energy den-
sity parameters: two Λ-CDM models with w = −1 having
(Ωm = 0.3; Ωvac = 0.7; Ωk = 0) and (Ωm = 0.1; Ωvac =
0.9; Ωk = 0), and w-CDM model with w = −0.5, having
(Ωm = 0.5; Ωw = 0.7; Ωk = 0.2). The metric and luminosity
distances for these models are given by Eqs. (B1, B2, B5)
and represented in Fig. B1. The luminosity distance modu-
lus are given by Eq. (16) and represented in Fig. 3.
For all the considered models the relations between lu-
minosity and metric distances are given in Table 1. The met-
ric and luminosity distances as functions of redshift are rep-
resented in Fig. B1. The luminosity distance modulus for
these models are represented in Fig. 3.
3 LGRB AS STANDARD CANDLES AND
AMATI RELATION
3.1 The observed LGRB parameters
LGRB sources are related to explosions of massive core
collapse SN in distant galaxies (e.g., Woosley 1993;
Woosley & Bloom 2006; Cano et al. 2017), though up to
now there is no satisfactory theory of the LGRB radiation’s
origin (Meszaros & Rees 2014; Kumar & Zhang 2015; Pe’er
2015; Willingale & Me´sza´ros 2017). The observed LGRB
photon spectrum is well approximated by the standard em-
pirical model of Band et al. (1993)
N(E)
[
photons
keV s cm2
]
=
{
AEαe−E/E0, E < (α − β)E0
BEβ, E > (α − β)E0
, (26)
where N (E = hν/100 keV) is the Band function or the
usual differential photon spectrum (dN/dE), α, β are ob-
served the low-energy and high-energy spectrum parame-
ters, E0 is the break energy, A is the normalized factor,
B = A (α − β)E0 e(α−β) is given from the smooth junction
condition.
An important LGRB parameter is the observed peak en-
ergy Ep (frequency) of the spectral energy distribution, i.e.
the photon energy (frequency), at which the energy spec-
trum νFν = E
2N(E) is maximum. So, the rest-frame peak
energy is
Ep,i = Ep (1 + z) . (27)
The bolometric fluence (erg cm−2) is calculated from
observed values by the equation
Sbolo = FE = Sobs
∫ 104
1+z
1
1+z
E N(E)dE
∫ Emax
Emin
E N(E)dE
, (28)
and the bolometric peak flux is
Pbolo = FL = Pobs
∫ 104
1+z
1
1+z
E N(E)dE
∫ Emax
Emin
N(E)dE
, (29)
where Emin and Emax are the limits of the observed spectral
energy range, and P is in units [erg cm-2 s-1].
From Eq. (4) the isotropic radiated energy (erg) is given
by the relation
Eiso = 4πd
2
ESbolo . (30)
From Eq. (3) the isotropic peak luminosity (erg s−1) is
given by
Lp = 4πd
2
LPbolo . (31)
3.2 Gravitational lensing and Malmquist biases
3.2.1 Observational distortion of theoretical LGRB
parameters
There are a number of inevitable observational selec-
tion effects (e.g., limits on detector sensitivity, influence
of the intervening matter, gravitational lensing, evolu-
tion), which potentially distort the measured flux and flu-
ence, and hence the derived distance to a GRB. Thus
the construction of the proper Hubble Diagram should
take into account different selection and evolution ef-
fects, which have been widely debated in the litera-
ture (e.g., Schaefer 2007; Liang et al. 2008; Wang & Dai
2011; Dainotti et al. 2013b,a; Liu & Wei 2015; Wang et al.
2016; Lin et al. 2016a,b; Deng et al. 2016; Wang et al.
2017; Demianski et al. 2017a; Lloyd-Ronning et al. 2019;
Xue et al. 2019).
However, a definite answer to the role of selection ef-
fects in the LGRB luminosity estimation requires more data
with known redshifts. The forthcoming THESEUS mission
together with accompanying multimessenger observations is
expected to bring a solution to this fundamental question.
3.2.2 Gravitational lensing along the LGRB line of sight
The apparent image of a distant source can be distorted
by the gravitational lensing effect of the mass density fluc-
tuations (both visible and dark) along the line of sight.
The gravitational lensing of a variable source produces two
main effects: it splits the source image and creates a time
delay between different sub-images of the source. Accord-
ing to modern observational surveys the gravitational lens-
ing plays an important role in cosmology. There is a suffi-
ciently large probability for detection of strong lensing ef-
fects, which allows one to study the total (dark and lu-
minous) mass distribution of lenses Shajib et al. (2019);
Ji et al. (2018); Acebron et al. (2020); Cervantes-Cota et al.
(2020). For gravitational lensing of high redshift LGRBs
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and quasi-stellar objects (QSO) it is especially important
to study protoclusters of low luminosity star-forming galax-
ies, which were recently discovered at z ≈ 6.5 (Calvi et al.
2019).
The next generation of cosmological surveys will elu-
cidate the value of weak and strong lensing biases in the
true luminosity of distant sources and hence in observed
magnitude-redshift relations at z ∼ 1 (Scolnic et al. 2019;
Laureijs et al. 2011; Cervantes-Cota et al. 2020).
Basic physics of the gravitational lensing bias. Flux
magnification of the splitted images due to gravitational
lensing (GL) should be taken into account in observations
of distant compact sources, such as SNe, GRBs and QSOs.
For the lens mass M < 108 M⊙ the splitting angle is θ < 0.3
arcsec and a compact source will be observed as one image
(for ordinary angular resolution). This gravitational magni-
fication of the observed fluxes will lead to the gravitational
lensing bias in the estimated luminosity of compact sources.
Gravitational lensing along a GRB line-of-sight mag-
nify its flux due to different gravitating structures of the
Universe, such as dark and luminous stellar mass objects,
globular and dark stellar mass clusters, galaxies and dark-
mass galaxy halos. Hence the gravitational lensing can have
a great impact on high-redshift LGRBs.
For estimation of the gravitational lensing bias one
must assume a gravitational lensing model, which includes
three parts: (1) a lensed object (source); (2) lensing objects
(lenses); (3) a distribution of lenses along the source line of
sight. As a source, we consider distant SNe Ia, GRBs and
QSOs.
The lensing object (gravitational lens) is defined by its
mass density distribution. In accordance with the total lens
mass interval, usually one considers three types of lensing:
microlensing (M < 103 M⊙), mesolensing (103 < M < 108
M⊙) and macrolensing (M > 108 M⊙). Gravitational lenses
include both visible and dark matter objects. Examples
are stars, stellar clusters, galaxies and galaxy clusters. The
transparent gravitational lenses (like globular clusters and
dwarf galaxies) have a larger cross-section for lensing effect
due to the more complex structure of caustics.
A very important part of the gravitational lensing model
is the assumed distribution of lenses along the line-of-sight.
It plays a crucial role in the magnification probability and
hence in the GL bias. The strongly inhomogeneous distribu-
tion of matter along the line-of-sight leads to a larger lensing
probability than the usually considered homogeneous dis-
tribution of matter (due to lens clustering). Observational
data on the large scale structure of the local and distant
Universe reveals inhomogeneous (fractal-like) visible distri-
bution of matter within scales larger than hundreds of mega-
parsecs (Gabrielli et al. 2005; Baryshev & Teerikorpi 2012;
Courtois et al. 2013; Einasto et al. 2016; Lietzen et al. 2016;
Tekhanovich & Baryshev 2016; Shirokov et al. 2016).
Gravitational mesolensing of QSOs by globular clusters
was considered by Baryshev & Ezova (1997), taking into ac-
count the fractal distribution of matter along the line-of-
sight. They demonstrated that the King-type transparent
lenses (which have additional conic caustics) together with
fractal large-scale distribution of the lenses along the line-of-
sight (which enhance the total cross-section) will essentially
increase the lensing probability.
Another evidence for mesolensing was found by
Kurt & Ougolnikov (2000); Ougolnikov (2001) in the
BATSE catalog, where there are several GRB candidates,
which are probably lensed by intergalactic globular clusters.
Weak and strong gravitational lensing. There are
many papers considering the weak and strong gravita-
tional lensing effect for SN Ia, LGRB and QSO observa-
tions (Holz & Wald 1998; Wang et al. 2002; Holz & Linder
2005; Jonsson et al. 2008; Jo¨nsson et al. 2010; Wang & Dai
2011; Smith et al. 2014; Ji et al. 2018; Scolnic et al. 2019;
Cervantes-Cota et al. 2020).
The light from distant compact sources is affected by
the gravitational lensing induced by inhomogeneous massive
structures (visible and dark) of the Universe. Since pho-
tons are conserved by the lensing, the mean flux over the
sources is preserved. The observed flux can be magnified (or
reduced) by the gravitational lensing produced by random
mass fluctuations in the intervening matter distribution.
This effect leads to an additional dispersion in GRB bright-
ness. The probability distribution function (PDF) of grav-
itational lensing magnification has higher dispersion than
a Gaussian distribution (Valageas 2000; Wang et al. 2002;
Oguri & Takahashi 2006).
A statistical approach for taking into account weak
gravitational lensing and Malmquist biases in the LGRB
observations was suggested by Schaefer (2007). It was devel-
oped by Wang & Dai (2011), where a sample of 116 LGRBs
was analysed. They found that weak gravitational lensing
bias effect shifts the estimation of matter density to lower
values. So Ωm shifts from 0.30 to 0.26 and the corresponding
vacuum density ΩΛ shifts from 0.70 to 0.74.
However, as emphasised in Scolnic et al. (2019);
Cervantes-Cota et al. (2020), one of the most important
problems of the next generation cosmological measurements
is the theoretical uncertainty in the expected lensing mag-
nification bias. It is still one of the largest unknown sys-
tematic effect, as the lensing probability is sensitive to both
large- and small-scale distribution of matter that is difficult
to model. The forthcoming space missions, such as EUCLID,
will allow one to estimate the value of weak and strong
lensing biases in the magnitude-redshift relations at z ∼ 1
Laureijs et al. (2011) and beyond Calvi et al. (2019).
In particular, the mesolensing and strongly inhomoge-
neous line-of-sight distribution of matter can lead to es-
sential changes in the estimated cosmological density pa-
rameters. We started the observational program for opti-
cal study of the LGRB line-of-sight distribution of lens-
ing galaxies using photometric and spectral galaxy red-
shifts (e.g., Sokolov et al. 2018b; Castro-Tirado et al. 2018;
Sokolov et al. 2018a). Observations of deep fields in the di-
rections of LGRBs reveal galaxy clusters along the LGRB
line-of-sights. This program is important for estimation of
gravitational lensing bias in LGRB catalogues.
Malmquist bias. The gravitational lensing of LGRBs
produces apparent increase of flux Pbolo and fluence Sbolo
due to the gravitational lens magnification, which does not
change frequency (i.e., the peak energy Ep = hνp) of the
lensed radiation. This can be misinterpreted as an evolution
of the GRB luminosity.
If we take into account that there is a threshold for the
detection in the burst apparent brightness, then, with grav-
itational lensing, bursts just below this threshold might be
magnified in brightness and detected, whereas bursts just
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beyond this threshold might be reduced in brightness and
excluded. This observational selection effect is known as the
Malmquist Bias (MB), which plays an important role in ob-
servational cosmology (Baryshev & Teerikorpi 2012).
Schaefer (2007) considered the gravitational lens-
ing bias and the Malmquist bias effects for a sample of
69 LGRBs. He found that the gravitational lensing and
Malmquist biases are smaller than the intrinsic error bars.
However, as we emphasised above, modern observations re-
veal strong matter clustering and so more complex lensing
models must be studied further. Note that for THESEUS
observations the Malmquist bias will be shifted to larger
distances due to better sensitivity.
Phenomenological model for gravitational lensing and
Malmquist biases. The crucially important fundamental
question on the role of the gravitational lensing bias in high
redshift SN Ia, LGRB and QSO data is still open and needs
additional observational and theoretical studies. Detailed
observational study of the gravitational lensing bias is one
of the primary tasks of future ground-based and space mis-
sions. However, already now, we can estimate quantitatively
the value of combined contribution of the weak and strong
gravitational lensing effect and the Malmquist bias, if we
introduce simple parametrization of the observed radiation
flux from a distant source.
Let one consider a phenomenological approach to the
study of LGRB gravitational lensing and bias. It can be con-
sidered as the first step in taking into account the common
action of the GL and Malmquist biases, together with the
strongly inhomogeneous distribution of lenses along the line-
of-sight. Consider a general bolometric fluence correction in
the power-law form
Scorbolo =
Sbolo
(1 + z)k , (32)
where Sbolo is the observed bolometric fluence, k is the cor-
responding bias parameter, which parametrizes the strength
of the apparent fluence magnification. According to Eq. (32)
the true value of GRB fluence Strue
bolo
= Scor
bolo
and it must be
used to compare theory with observations.
Note, that according to Deng et al. (2016) there is an
observed evolution of the intrinsic peak luminosity of the
high redshift LGRBs in the form Lp ∝ (1 + z)kp with kp =
1.49 ± 0.19. It is clear that at least a part of this “evolution”
can be caused by the GLB+MB selection effects.
As a testing value of the GLB+MB parameter, we con-
sider k = 0.25, 0.5, 0.75 in Eq. (32), which is less than the
observed luminosity increase power-law exponent kp = 1.49
in Deng et al. (2016).
The solution of the fundamental problem (derivation of
the true value of the gravitational lensing and Malmquist
biases parameter k) will be based on future combined devel-
opment of both lensing models (magnification PDF) and ob-
servations of inhomogeneous distribution of lenses along the
LGRB line-of-sight. However now, using our phenomenolog-
ical model, we can estimate the restrictions, which follows
from GLB and MB on the LGRB magnitude-redshift re-
lation. Then we can compare the theoretical cosmological
model predictions with observational data corrected by the
bias.
3.3 Amati relation
LGRBs can be used as standard candles due to the relation
discovered for GBRs from BeppoSAX observations. The cor-
relation between the observed photon energy (frequency) of
the peak spectral flux Ep,i, which corresponds to the peak
in the νFν spectra, and the isotropic equivalent radiated en-
ergy Eiso, was discovered and studied by Amati et al. (2002,
2008); Amati & Della Valle (2013). The Amati relation can
be written as
log
EAiso
1 erg
= a log
Ep,i
300 keV
+ b , (33)
where Ep,i is the GRB source rest-frame spectrum peak en-
ergy given by Eq. (27), “a” and “b” are Amati parameters.
The Amati correlation can be established for a sample
of GRBs where redshifts z are measured. Additionally, the
Amati coefficients can be calibrated by GRBs in the same
range, where we have good statistic of SNe Ia and where we
approximate the dL(z) – luminosity distance as a function of
redshift.
3.4 Extended Amati relation
The Amati relation (Eq. (33)) can be transformed into an
extended Amati relation (the Amati law of GRB distances)
by using Eqs. (4, 3, B7, B5), so the GRB luminosity distance
is given by the equation:
dAL [cm] =
( (1 + z)EA
iso
(Ep,i)
4πSbolo
) 1
2
. (34)
Taking into account Eq. (32) we get the GRB luminosity
distance modulus in the form
µAGRB = 25 +
5
2
[
log
(z + 1)k+1
4πSbolo
+ a log Ep,i + b
]
, (35)
where a, b are the Amati coefficients, and k is the parameter
of the gravitational lensing and Malmquist biases. Hence the
correction of the joint distance modulus due to action of
GLB and MB is
∆µeff = 2.5 log (z + 1)k , (36)
where the parameter k is a measure of the observed Hubble
Diagram distortion by the GLB and MB effects.
4 SN MODEL INDEPENDENT HUBBLE
DIAGRAM
The SNe Ia model independent Hubble Diagram can be
directly inferred from the Pantheon observational data
(Scolnic et al. 2018), including 1 048 SNe Ia. It is shown in
Fig. 4 (left). The luminosity distance values dL and the lumi-
nosity distance modulus µ = m− M are given by the relation
µSNL = 5 log
dSN
L
(z)
Mpc
+ 25 , (37)
where the luminosity distance is expressed in megaparsecs
for the given z.
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Figure 4. The model independent Hubble Diagram for Pantheon SNe Ia (left) and for combined SNe Ia+LGRB (right) and its polynomial
approximations.
If the parameters are determined using some cosmologi-
cal model with adjusted fixed parameters, giving the depen-
dence dL(z), then the Hubble diagram obtained for GRBs
cannot be correctly used to determine both the cosmologi-
cal model and its parameters, since this approach involves
the circularity problem (e.g., Kodama et al. 2008).
Instead, the task is to determine the dependence dL(z)
for GRBs without making assumptions about cosmology (at
least in the first approximation). To construct the dL(zi) we
use the Pantheon observational data on µ(zi) with errors in
determining the distance modulus and effects of deviations
from the standard candles. Index i is indicated in the pro-
cess of discreteness. The continuous function dL(z) must be
smooth and monotonically increasing.
Without resorting to cosmology assumptions, we can
approximate the dependence dL(z) in the logarithmic coor-
dinates by some elementary mathematical function by the
least square method. Since the dependence µ(log z) is linear
at small z, it is reasonable to approximate it with polyno-
mials of small degree n, i.e.
µ(x) ≈ Pn(x) =
n∑
i=0
pi x
i , (38)
where x = log z.
The function is linear for parameters, hence it is possi-
ble to apply the matrix least-squares method. In turn, the
approximation of the dependence dL(z) will be exponential
to the polylogarithmic function
dL(z) [Mpc] ≈ 100.2Pn (x)−5 . (39)
In this approach we use the weighted least squares
method to minimize
χ2 =
N∑
i=1
wi(yi − Pn(xi))2 , (40)
where xi = log zi, yi = µi , and wi = 1/σ2µi for each i of N SNe
Ia by calculating the coefficients of the polynomial Pn and
their errors.
Calculations were made for polynomials of degree 1− 3,
the results are shown in Table 2. Approximations of Eq. (38)
are shown in Fig. 4. The linear approximation is a good fit
for small redshifts and the differences between polynomials
of degrees 2 and 3 are small.
The polynomials can be used for the junction condition
between SNe Ia and LGRB data in the interval 0.01 < z <
1.0, where cosmological and selection effects are small. In
Fig. 4 we also show the polynomial approximation of our
total sample of SNe Ia and LGRBs for the total redshift
interval 0.1 < z < 10.
5 LGRB HUBBLE DIAGRAM FOR
DIFFERENT COSMOLOGICAL MODELS
The cosmological models considered in Sec.2 cover a wide
interval of deflections from the standard Λ-CDM theoretical
predictions for the luminosity distance modulus. Now we
take the LGRB data to perform the high redshift test of
these models.
5.1 LGRB sample
We use the LGRBs sample of Amati et al. (2019) for which
there is a table of calculated luminosity distance moduli for
total redshift interval.
As we emphasised above, the Hubble law of linear
distance-redshift relation starts immediately beyond the
border of the Local Group (Karachentsev et al. 2003). How-
ever there are a small number of LGRBs at redshifts z < 1.
This is why we have to use the SNe Ia observations, which
give reliable luminosity distance-redshift data up to redshifts
∼ 1. The LGRB data which have a common region of red-
shifts with the SN data must obey the junction condition,
which is fulfilled for our sample.
5.2 Results for different assumed basic
cosmological relations
In Figure 5 (and C1) we present the LGRB Hubble Diagrams
for the total 1 048 SN Ia plus 193 LGRBs of the Amati et al.
(2019) sample. Theoretical models were calculated for the
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sample degree p0 p1 p2 p3
1 43.88 ± 0.02 5.50 ± 0.01 – –
Pantheon 2 44.08 ± 0.01 6.15 ± 0.03 0.36 ± 0.02 –
3 44.10 ± 0.01 6.28 ± 0.07 0.57 ± 0.09 0.08 ± 0.03
1 43.896 ± 0.000 5.520 ± 0.000 – –
SNe+LGRBs 2 44.062 ± 0.000 6.096 ± 0.002 0.341 ± 0.001 –
3 44.063 ± 0.000 6.099 ± 0.005 0.347 ± 0.011 0.003 ± 0.002
Table 2. The best approximation coefficients (Eq. 38) of the luminosity distance modulus µ(log z) for the Pantheon SNe Ia (zcmb) and
LGRB samples.
flat Λ-CDM with ΩΛ = 0.7, 0.9, 1.0; the w-CDM with a
positive curvature having w = −0.5, ΩΛ = 0.7, Ωk = 0.2.
Different basic cosmological assumptions are illustrated by
calculations of the luminosity distance modulus for classical
steady state, field fractal and tired light models (Sec. 2). The
Hubble parameter is h = 0.7 for all models.
Figure 5 demonstrates the SNe Ia and LGRB data in the
linear redshift scale without taking into account the gravi-
tational lensing and Malmquist biases (k = 0 in Eq. 32) and
an example with the parameter k = 0.5, which takes into ac-
count the possible gravitational lensing and Malmquist bi-
ases. The deviations of the luminosity distance moduli and
of the linear scale median values (∆z = 0.3) of the LGRB
sample from the standard Λ-CDM model are also shown.
Figure C1 shows the same data but in logarithmic scale and
with the logarithmic scale median values (∆ log z = 0.1) of
the LGRB sample. The blue points mean median values at
z < 0.35 and 4.2 < z respectively. The legend in all plots is
the same.
To illustrate di¨ınˇA˘erent values of the parameter k, in
Figure 6, we present the results in residual form for the cases
k = 0.0, 0.25, 0.50, 0.75. We also consider three simple sta-
tistical measures of the χ2 test in form (Pearson & Hartley
1957, p. 13). The first statistic uses all LGRB sample points,
χ21 =
NGRB∑
i=1
(µi − µmodel)2
µmodel
, (41)
where NGRB is the GRB number in each sample, µi is the
GRB distance modulus and µmodel is the considered cosmo-
logical model distance modulus at the same redshift zi .
The second one uses the uniform linear median values
for bins,
χ22 =
Nbins∑
j=1
(µj − µmodel)2
µmodel
, (42)
where Nbins is the number of bins in each sample, µj is the
median distance modulus and µmodel is the cosmological
model distance modulus at the same redshift zj .
The third one uses the uniform logarithmic scale median
values for bins,
χ23 =
Nbins∑
k=1
(µk − µmodel)2
µmodel
, (43)
where Nbins is the number of bins in each sample, µk is the
uniform in logarithmic scale median distance modulus and
µmodel is the cosmological model distance modulus at the
same redshift zk .
The results of our calculations of the statistics for the
original and corrected (for GL and MB effects) LGRB sam-
ple of Amati et al. (2019) are represented in Table 3. The
detailed description of the models is given in Sec. 2 and
Sec. 3.
From Table 3 we can see that uncorrected LGRB data
correspond better to the standard parameters of the Λ-CDM
model (see the column for ΩΛ = 0.7). Whereas the gravita-
tional lensing and Malmquist biases shift the fit towards the
Λ-CDM model with ΩΛ = 0.9 for k = 0.5. Among alterna-
tive cosmological assumptions the corrected LGRB data are
consistent with the fractal model (column FF), but reject
the tired-light model (column TL) .
6 DISCUSSION AND CONCLUSIONS
Modern astrophysical facilities open new possibilities for
testing the basis of the cosmological models by using the
observational approach to cosmology developed by Hubble-
Tolman-Sandage in the 20th century. In the beginning of
the 21st century the multimessenger astronomy allows one
to test the fundamental initial assumptions of cosmological
models with a higher accuracy and in a very wide redshift
interval up to z ∼ 10, instead of z ∼ 0.003 in the first cosmo-
logical observations.
The high redshift Hubble Diagram for Long Gamma-
Ray Bursts can be used as a necessary condition for plau-
sibility of a cosmological model, because it can test the di-
rectly observed flux-distance-redshift relation. In Section 2
we considered several examples of the cosmological µvs z re-
lations (the Hubble Diagram), which correspond to specific
initial assumptions in the cosmological models.
Existing LGRB data demonstrate that the Amati rela-
tion can be used for construction of the observed Hubble Di-
agram at the model independent level, hence it is useful for
testing theoretical models. However, the main uncertainty
when comparing the observational Hubble Diagram and the
theoretically predicted µvs z relation is the problem of ob-
servational data distortion by different kinds of evolution
and selection effects.
As emphasised in Scolnic et al. (2019);
Cervantes-Cota et al. (2020), one of the most important
problems of the next generation cosmological measurements
is the theoretical uncertainty in the expected lensing
magnification bias. It is still one of the largest unknown
systematic effects, as the lensing probability is sensitive to
both large- and small-scale distribution of matter for which
there is no analytical model. So this crucially important
MNRAS 000, 1–15 (2020)
High Redshift LGRB Hubble Diagram 11
 36
 38
 40
 42
 44
 46
 48
 50
 52
 54
 0  2  4  6  8  10
µ 
=
 
2
5
 
+
 
5
l
o
g
 
d
L
z
µ for SNe and LGRBs without the GL and MB corrections
µSN(Pantheon)µLGRB(GRBdata)µΛ−CDM(ΩΛ=0.7)µΛ−CDM(ΩΛ=1.0),CSSµTLµFFµΛ−CDM(ΩΛ=0.9)µw−CDM(w=−0.5,ΩΛ=0.7,Ωk=0.2)µmedian(LGRB)
k = 0.00
 36
 38
 40
 42
 44
 46
 48
 50
 52
 54
 0  2  4  6  8  10
µ 
=
 
2
5
 
+
 
5
l
o
g
 
d
L
z
µ for SNe and LGRBs with the GL and MB corrections
µSN(Pantheon)+2.5log(z+1)
0.50
µLGRB(GRBdata)+2.5log(z+1)
0.50
µΛ−CDM(ΩΛ=0.7)µΛ−CDM(ΩΛ=1.0),CSSµTLµFFµΛ−CDM(ΩΛ=0.9)µw−CDM(w=−0.5,ΩΛ=0.7,Ωk=0.2)
µmedian(LGRB)+2.5log(z+1)
0.50
k = 0.50
−4
−2
 0
 2
 4
 0  2  4  6  8  10
∆µ
 
=
 
µ 
−
 
µ Λ
−
C
D
M
z
∆µ for LGRBs without GL and MB corrections
k = 0.00
−4
−2
 0
 2
 4
 0  2  4  6  8  10
∆µ
 
=
 
µ 
−
 
µ Λ
−
C
D
M
z
∆µ for LGRBs with GL and MB corrections
k = 0.50
Figure 5. Top panel : the observed luminosity distance modulus µ versus redshift (Hubble Diagram) in linear z-scale for the SN Ia and
LGRB samples. Black points are the median values of µ with linear step ∆z = 0.3 for the LGRB sample. Bottom panel : The residuals ∆µ
from the standard Λ-CDM model for the observed luminosity distance modulus. Left : without the correction for the gravitational lensing
and Malmquist biases. Right : corrected with k = 0.5. The colour curves correspond to the cosmological models defined in Section 2.
√
χ2 k Λ-CDM(ΩΛ = 1.0) FF Λ-CDM(ΩΛ = 0.9) Λ-CDM(ΩΛ = 0.7) w-CDM(w = −0.5, ΩΛ = 0.7, Ωk = 0.2) TL
χ1 0.00 3.051 2.405 2.411 2.302 2.572 3.735
χ2 0.00 0.611 0.289 0.295 0.152 0.293 0.742
χ3 0.00 0.553 0.274 0.280 0.140 0.237 0.623
χ1 0.25 2.702 2.290 2.295 2.425 2.884 4.219
χ2 0.25 0.461 0.171 0.181 0.223 0.438 0.899
χ3 0.25 0.424 0.166 0.175 0.180 0.359 0.759
χ1 0.50 2.441 2.321 2.325 2.674 3.273 4.728
χ2 0.50 0.317 0.153 0.165 0.354 0.589 1.057
χ3 0.50 0.298 0.130 0.141 0.287 0.490 0.896
χ1 0.75 2.298 2.491 2.494 3.018 3.716 5.255
χ2 0.75 0.191 0.257 0.265 0.501 0.743 1.215
χ3 0.75 0.186 0.207 0.214 0.412 0.623 1.034
Table 3. The χ1, χ2 and χ3 statistics for the LGRB sample fitting by considered cosmological models (Section 2).
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Figure 6. The residuals ∆µ from the standard Λ-CDM model
for the observed luminosity distance modulus µ calculated for
different values of the gravitational lensing and Malmquist biases
parameter k = 0.00, 0.25, 0.50, 0.75. The colour curves correspond
to the standard cosmological models with ΩΛ = 0.7, 0.8, 0.9, 1.0
and positive curvature w-CDM model with w = −0.5, ΩΛ = 0.7,
Ωk = 0.2 defined in Section 2.
fundamental question on the role of the gravitational lensing
bias in high redshift SN Ia, LGRB and QSO data is still
open and needs more observational and theoretical studies.
Thus, an important obstacle for derivation of true cos-
mological parameters from the high redshift LGRB Hubble
Diagram is to correctly account for the gravitational lens-
ing. Flux magnification and Malmquist bias play a crucial
role in comparison of different cosmological models. For ex-
ample, “observed” evolution of the LGRB peak luminosity
Lp ∝ (1+ z)kp (Deng et al. 2016) can be partly caused by the
gravitational lensing and Malmquist biases.
In a previous study of the LGRB weak lensing statisti-
cal effects (Schaefer 2007; Wang & Dai 2011) an analytical
lensing model was developed for calculation of the distance
dispersion from the universal probability distribution func-
tion. Modern observational data reveal a very complex large-
scale distribution of matter (dark and luminous), which is
difficult to model (Scolnic et al. 2019), but which can es-
sentially change the probability of the gravitational lensing.
Especially for the high redshift LGRBs, there is an impor-
tant additional contribution to the lensing bias from the
recently discovered population of protoclusters of low lumi-
nosity star-forming galaxies at redshifts z ∼ 6 (Calvi et al.
2019).
In our paper, as the first step for a quantitative ex-
amination of the possible lensing effects, we introduce a
phenomenological one-parameter k-model (Section 3.2.2). In
this way one can estimate the total gravitational lensing ef-
fect produced by a combination of weak and strong lensing
together with the Malmquist bias. Though such an approach
does not allow one to study the relative contributions and
redshift evolution of these parameters, it gives the possibility
to get restrictions on the considered cosmological models.
We extend the Wang & Dai (2011) findings of a small
shift of (Ωm, ΩΛ) by the weak gravitational lensing. Our
simple lensing model phenomenologically describes the total
bias due to strong and weak gravitational lensing together
with the strong inhomogeneous distribution of lenses along
the LGRB line-of-sight (Section 3.2.2).
According to our analysis of the sample of 193 LGRBs
(Amati et al. 2019) we conclude that the high redshift Hub-
ble Diagram, corrected for the GLB and MB effects by the
parameter k, points to a tendency to more vacuum domi-
nated Λ-CDM models: for k → 0.5 we get ΩΛ → 0.9 and
Ωm → 0.1 (see Figs. 5, C1). It is interesting to note that
our results show that the positive curvature w-CDM model
with w = −0.5, ΩΛ = 0.7, Ωk = 0.2) does not pass the Hubble
Diagram test for all values of the bias parameter k.
Existing LGRB observations in the redshift interval
1 ÷ 10 allow one to get new restrictions on several exam-
ples of alternative theoretical flux-distance-redshift relations
considered in Sec.2. We showed (see Fig. 6 and Table 3) that
the high redshift LGRB Hubble Diagram, corrected for the
GLB and MB effects, could be consistent with the classi-
cal steady state model if k → 0.75. It is also compatible
with the field fractal cosmological model for k → 0.5, but it
rejects the tired-light assumption for all values of the bias
parameter k.
Derivation of the true value of the gravitational lensing
and Malmquist bias parameter k will be based on the future
development of both lensing models and observations of the
inhomogeneous distribution of lenses along the LGRB line-
of-sight. The forthcoming space missions, such as EUCLID,
will elucidate the value of weak and strong lensing biases
in the magnitude-redshift relations at z ∼ 1 (Laureijs et al.
2011).
Future THESEUS space observations of GRBs and ac-
companying multimessenger ground-based studies, includ-
ing large (in particular GTC, BTA, Elbrus-2) and even 1-m
class optical telescopes can be used as a powerful tool for
testing the basic cosmological principles. In particular, we
started the program for optical study of the LGRB line-of-
sight distribution of lensing galaxies (Castro-Tirado et al.
2018; Sokolov et al. 2018a,b).
The THESEUS GRB mission will provide several hun-
dreds of LGRBs with measured redshifts and spectral peak
energy Ep and together with optical line-of-sight observa-
tions will allow one to take into account the gravitational
lensing and Malmquist biases. This opens new possibilities
for using the LGRB Hubble Diagram for checking the basic
assumptions of cosmology, a prerequisite for establishing the
observationally based true world model.
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APPENDIX A: ABBREVIATIONS
• HD – Hubble Diagram
• SN(-e) – Supernova(-e)
• GRB(-s) – Gamma-Ray Burst(-s)
• LGRB(-s) – Long Gamma-Ray Burst(-s)
• FLRW – Friedmann-Lemaitre-Robertson-Walker
• SCM – Standard Cosmological Model
• THESEUS – space mission
• EUCLID – space mission
• MB – Malmquist Bias
• GL – Gravitational Lensing
• GLB – Gravitational Lensing Bias
• GRT – General Relativity Theory
• ECP – Einstein’s Cosmological Principle
• EoS(-s) – Equation of State(-s)
• CSS – Classical Steady-State model
• FF – Field-Fractal model
• TL – Tired-Light model
• QSO(-s) – Quasi-Stellar Object(-s)
APPENDIX B: METRIC AND LUMINOSITY
DISTANCES
B1 Metric distance – redshift relations
There are two kinds of metric distance in the FLRW model.
The internal metric distance r between the observer and the
source at redshift z at cosmic time t = t0 in general expanding
space models is given by the relation
r(t0, z) = r(z) =
c
H0
∫ z
0
dz′
h(z′) , (B1)
and the external metric distance l will be
l(t0, z) = l(z) = S(t0)Ik(r(z)/S(t0)) , (B2)
where the scale factor at present epoch S(t0) = S(0) =
c/H0(k/Ωk)1/2. Here the normalised Hubble parameter
h(z) = H(z)/H0 in the case of the w-CDM model, having
two fluids with equations of state for cold matter p = 0 and
for quintessence (dark energy) p = wρc2 (w < 0), is given by
Friedmann’s equation as
h(z) =
√
Ω
0
m(1 + z)3 +Ω0DE(1 + z)3(1+w) −Ω0k(1 + z)2 , (B3)
where density parameters are defined as Ωi = ρi/ρc with
the critical density ρc = 3H
2/8πG, and w is the dark energy
Equation of State (EoS) parameter.
The curvature density parameter is Ωk = kc
2/S2H2 =
(Ωtot − 1). We use the definition of Ωk which has the same
sign as the curvature constant k. Note that in a number of
papers they use another definition Ω¯k = −Ωk so the neg-
ative curvature space has a positive bar-curvature density
parameter.
In the general case of several non-interacting fluids ρi with
EoSs pi/ρic2 = αi, the total density parameter is Ωtot =
ΣiΩ
0
i
(1 + z)3(1+αi ). For w = −1 we have p = −ρ and constant
cosmological vacuum density: ΩΛ = Ω
0
DE
= const, which is
called the Λ-CDM model. For dark energy parameter w < 0
the model is called quintessence w-CDM, and for w < −1 we
have the “phantom”model.
B2 Luminosity and energy distances
Consider a light source at the metric distance r(t0, χ) =
S(t0)χ detected at the time t = t0 in the Friedmann universe.
The source emitted light at the time t = t1 isotropically
around it with the bolometric (total) luminosity Liso erg s
−1.
Draw a sphere with the source in the centre and the observer
at the surface at the moment of reception (t = t0).
The area of the sphere is 4π(S(t0)µ)2 = 4πl2(z). Accord-
ing to Eq. (3), for the source isotropic luminosity Liso we
measure the bolometric flux FL at luminosity distance dL as
FL
[
erg
s cm2
]
=
Liso
4πl2(z)(1 + z)2 =
Liso
4πd2
L
(z) . (B4)
Here two factors (1 + z) take into account the observed en-
ergy decrease and time dilation effects. Hence the luminosity
distance dL in the Friedmann’s models is defined according
to Eq. (B2) as
dL(z) = (1 + z) l(z) =
c
H0
(1 + z)√
|Ω0
k
|
Ik
(√
|Ω0
k
|
∫ z
0
dz′
h(z′)
)
, (B5)
where Ω0
k
is the curvature density parameter, and Ik(x) =
sinh(x) for Ωk < 0, Ik(x) = x for Ωk = 0, and Ik(x) = sin(x) for
Ωk > 0.
For the total source bolometric energy Eiso (erg) we mea-
sure the fluence FE (ergs cm
−2) at “energy distance” dE, so
we get from Eq. (4)
FE
[
erg
cm2
]
=
Eiso
4πl2(z)(1 + z) =
Eiso
4πd2
E
(z) , (B6)
where the factor (1 + z) takes into account the energy de-
creases, and from Eq. (B2) we get the expression for the
energy distance in the form
dE(z) =
√
(1 + z)l(z) = c
H0
√
(1 + z)√
|Ω0
k
|
Ik
(√
|Ω0
k
|
∫ z
0
dz′
h(z′)
)
.
(B7)
The Hubble radius is RH0 = c/H0 ≈ 4 286 h-170 Mpc. Ac-
cording to recent Planck results, which probe the redshift
z ∼ 1 000, the primary cosmological parameters are: the
curvature parameter Ωk = −0.0007 ± 0.0012 (in our defini-
tion Ωk has the same sign as the curvature constant k), the
EoS parameter w = −1.03 ± 0.03 and the Hubble parameter
H0 = 67.4 ± 0.5 km s-1 Mpc-1 (Aghanim et al. 2018).
However, recent local measurements of the HD gives the
H0 = 74.03 ± 1.42 km s-1 Mpc-1, which points to some new
physics beyond Λ-CDM (Riess et al. 2019). So it is impor-
tant to consider HD for different cosmological models at in-
termediate redshifts up to z ∼ 20, achievable by LGRB. In
our calculations we shall use the standard value of the Hub-
ble parameter H0 = 70 km s
-1 Mpc-1.
APPENDIX C: HUBBLE DIAGRAM IN
LOGARITHMIC SCALE FOR CONSIDERED
COSMOLOGICAL MODELS
Figure C1 presents the Hubble Diagram in logarithmic scale
and with the logarithmic scale median values (∆ log z = 0.1)
of the LGRB sample. The blue points are median values at
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Figure B1. The metric distance r(z) (top) and the luminosity distance dL(z) (bottom) for six considered cosmological models described
in Sec.2.2 and Sec.2.3. Left: direct distances, Right: residuals from the standard Λ-CDM model.
z < 0.35 and 4.2 < z respectively. The points and curves are
the same as in Fig.5.
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Figure C1. Top panel : the luminosity distance modulus µ versus redshift (Hubble Diagram) in logarithmic z-scale for the SN Ia
and LGRB samples. Black points are the median values of µ with logarithmic step ∆ log z = 0.1 of the LGRB sample. Bottom panel :
The residuals ∆µ from the standard Λ-CDM model for the observed luminosity distance modulus. Left : without the correction for the
gravitational lensing and Malmquist biases. Right : corrected with k = 0.5. The colour curves correspond to the cosmological models
defined in Section 2.
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